This article was downloaded by:

On: 17 January 2011

Access details: Access Details: Free Access

Publisher Taylor & Francis

Informa Ltd Registered in England and Wales Registered Number: 1072954 Registered office: Mortimer House, 37-
41 Mortimer Street, London W1T 3JH, UK

|| Grisial Reviewsin... | Critical Reviews in Analytical Chemistry

Ana I I ica l Publication details, including instructions for authors and subscription information:

Chemistry

http://www.informaworld.com/smpp/title~content=t713400837

The pH in grapH
Robert de Levie®
* Department of Chemistry, Georgetown University, Washington, DC

C.H. Lechmiller
Editar-in-Ghisf

Valwme 35 1 fowe 2/ 2005 () T hineen

To cite this Article de Levie, Robert(1997) 'The pH in grapH', Critical Reviews in Analytical Chemistry, 27: 1, 51 — 76
To link to this Article: DOI: 10.1080/10408349708050580
URL: http://dx.doi.org/lo.1080/10408349708050580

PLEASE SCROLL DOWN FOR ARTICLE

Full terns and conditions of use: http://wwinformaworld.coniterns-and-conditions-of-access. pdf

This article may be used for research, teaching and private study purposes. Any substantial or
systematic reproduction, re-distribution, re-selling, |loan or sub-licensing, systematic supply or
distribution in any formto anyone is expressly forbidden.

The publisher does not give any warranty express or inplied or make any representation that the contents
will be conplete or accurate or up to date. The accuracy of any instructions, formul ae and drug doses
shoul d be independently verified with primary sources. The publisher shall not be liable for any |oss,
actions, clainms, proceedings, demand or costs or dammges whatsoever or howsoever caused arising directly
or indirectly in connection with or arising out of the use of this nmaterial.



http://www.informaworld.com/smpp/title~content=t713400837
http://dx.doi.org/10.1080/10408349708050580
http://www.informaworld.com/terms-and-conditions-of-access.pdf

13:33 17 January 2011

Downl oaded At:

Critical Reviews in Analytical Chemistry, 27(1):51-76 (1997)

The pH in grapH

Robert de Levie

Department of Chemistry, Georgetown University, Washington, DC 20057

ABSTRACT: We describe stick diagrams, which are simple graphs designed to provide quick
insight into complicated ionic equilibria. Despite their inherent crudeness, they can be used to
obtain numerical solutions to quantitative equilibrium problems. Moreover, they show when
those quantitative answers are likely to be too approximate. Finally, we discuss how to make
activity corrections, and conclude that activity corrections are often as large or larger than the
errors involved in using stick diagrams. Therefore, in the absence of activity corrections, stick

diagrams are usually quite adequate.

KEY WORDS: pH calculations, stick diagrams, activity corrections.

l. INTRODUCTION -

The use of graphs for displaying equilib-
ria, and for solving corresponding quantita-
tive problems, is certainly not new: graphs
were already used by Niels Bjerrum! in con-
nection with acid-base titration curves and
more recently were advocated strongly by
Sillén,? and then popularized by Freiser and
Fernando® and by Butler.* Such graphs can
serve several purposes: (1) they can provide
a convenient overview of multicomponent
equilibria, (2) they can take the guesswork
out of approximations by showing which as-
sumptions are appropriate, (3) they can be
used to get quantitative estimates of equilib-
rium properties, and (4) they allow for sub-
sequent refinement to the level of the preci-
sion of equilibrium constants. Consequently,
they largely obviate the more complicated
(and typically less transparent) computer cal-
culations, which tend to draw attention to-
ward mathematical manipulation rather than
toward the chemistry involved. However,
despite these obvious advantages of graphs,
their use in equilibrium calculations has hard-
ly penetrated the teaching of undergraduate

1040-8347/97/$.50
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chemistry. As a result, equilibrium problems
are often considered difficult, regardless of
the time and effort spent on them by teachers
of general chemistry and quantitative analy-
sis, and speciation is often simplified to suit
the calculation rather than the other way
around. (For an example, see de Levie.’) As
demonstrated below, this is not necessary:
the use of simple, hand-drawn graphs can il-
lumninate equilibrium problems and can great-
ly facilitate solving them.

The form of the mass action law of
Guldberg and Waage® dictates the type of
graph that is most useful for all kinds of
chemical equilibria. According to that law,
chemical equilibrium is described by an equi-
librium constant defined as the quotient of
two terms: the (mathematical) product of the
concentrations of the reagents, each raised
to an appropriate stoichiometric factor, and
that of the concentrations of the (chemical)
products. Such a law is most readily repre-
sented in terms of logarithms, because prod-
ucts and quotients then reduce to sums and
differences, while powers reduce to prod-
ucts. In terms of graphs, the most useful repre-
sentation is therefore a double-logarithmic
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plot, in which the logarithms of the various
species are plotted vs. the logarithm of some
reference concentration. Logarithmic plots
strongly condense the available information
and they thereby provide an overview cover-
ing a wide range of experimentally acces-
sible conditions. The pH is, of course, a
logarithmic measure of proton concentration
precisely for this reason: how else could one
represent [H*] as it varies over more than ten
orders of magnitude in a typical titration of
a concentrated strong acid with a concen-
trated strong base?

In aqueous acid-base problems, the ob-
vious reference species is H*, and the inde-
pendent variable in such a plot will usually
be the (negative) logarithm of [H*], that is,
the pH. This is the logarithmic concentra-
tion diagram. We have recently introduced
a minor simplification, the stick diagram,
which is easier to draw but is only approxi-
mately correct. Below we start with the loga-
rithmic concentration diagram.

Il. THE LOGARITHMIC
CONCENTRATION DIAGRAM

Figure 1 shows a simple example of a
logarithmic concentration diagram, for the

aqueous solution of a single weak monopro-
tic acid HA (such as acetic acid, pK,, (=4.76),
at a total analytical concentration

C=[HA]+[AT] ¢))

of, say, 0.01 M. The diagram shows the
concentrations of the various species in-
volved, namely, H*, HA, A-, and OH-. More
precisely, because we use a double-logarith-
mic graph, it shows the logarithms of these
concentrations, plotted against pH =
— log[H*].

Figure 1 contains four species: the loga-
rithms of the concentrations of H* and OH-
are represented by straight lines, and those of
HA and A~ by curves with straight-line asymp-
totes. The four asymptotes (shown as thin
lines) all extrapolate to the system point S,
which has the coordinates pH = pK, (4.76 in
our example) and log ¢ =log C (here: —2.00).

For [H*] we plot log[H*] vs. pH =
-log[H*], and therefore obtain a line with
slope —1. For {OH-] = K, /[H*] or log{OH"] =
log K, — log[H*] = log K, + pH we find a
slope of +1 when plotted vs. pH; K|, is the
ion product of water, of the order of 10-14
M-

The shapes of the curves for log[HA]
and log[A-] vs. pH are best understood in

logc

FIGURE 1. The logarithmic concentration diagram for an aque-
ous solution of a weak acid HA, pK, = 4.76, at a total analytical
concentration C = 0.01 M. (See the text for an explanation of the

symbols used.)
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terms of the total analytical concentration
C = [HA] + [A] and the equilibrium expres-
sion for the acid dissociation constant,

K, =[H'][A]/HA] 2
We have
[HA]C [H'JATIC/K,
HA = -—_
(HA] [HA]+[A"] [H'I[A"VK, +[A7]
_[H'IC
" [H']+K,
3)
and
[A"]= [AT]IC [AT]C
T [HAJ+[A"] [H'HATI/K,+[A"]
_ KC
" [H'1+K,
4)

Consequently, for pH << pK, (i.e., for
[H*] >> K,), the denominator in Equation 3
reduces to [H*] = C, which yields a horizon-
tal straight line in the diagram, whereas
Equation (4) reduces to [A-] = (K,C/[H*]
or log[A-]=(log K, + log C —log H*] log
K, + log C + pH which, when plotted versus
pH, yields a straight line of slope -+1.

Likewise, for pH >> pk, (i.e., for
[H*] << K,), the denominator in Equation 3
reduces to X, , so that [HA] = ((H*]C/K, or
log[HA] = (log H*] + log C-log K, = —pH
+log C - log K,. When plotted vs. pH, this
yields a straight line of slope —1. Under the
same conditions, Equation 4 reduces to
[A-] =, which yields a horizontal straight
line.

Finally, for [H*] =K, (i.e., for pH = pK)),
we have [HA] = [A-], which combines with
C= [HA]+[A7] to [HA]J[A]= C/2 or
log[HA] = log[A™] = log C —log 2 =
log C — 0.30. Therefore, the curves for

log[HA] and log[A-] intersect at a point 0.30
below the system point S.

lil. THE PROTON BALANCE

While the logarithmic concentration dia-
gram of Figure 1 is useful to get an idea of
the concentrations of the various species as
a function of pH, it is in and of itself insuf-
ficient to calculate a pH. In order to do that,
we need the proton balance, an accounting
of which species have gained and lost a pro-
ton, in this case starting from the neutral spe-
cies H,0 and HA. In general, the proton bal-
ance either is equal to the charge balance, or
can be obtained from it in combination with
the applicable mass balance expression(s).
In practice, the proton balance can often be
written down by inspection, merely by count-
ing species that gain or lose protons with
respect to the starting materials. In the present
example, the starting materials are H,0 and
HA, and the proton balance reads

[H']=[AT]+[OH] ®)

where H* denotes a hydrated proton. [H*]
and [OH"] represent the gain and loss, re-
spectively, of a proton by H,O. [A-] repre-
sents the loss of a proton by HA; there is no
corresponding proton gain. Note that Equa-
tion 5 also happens to be the charge balance
for this solution.

In the diagram we therefore look for the
intersection of the line for log[H*] with the
line for log {[A-]+ [OH-]}, because that
intersection corresponds to the pH at which
Equation (5) is satisfied. We start at the top
left corner of the diagram, with the line for
log[H*], and follow it down until it encoun-
ters the line for either log[A-] or log[OH-].
In the example shown in Figure 1, we first
meet the line for log[A-], at the point marked
b in Figure 1. Furthermore, we note that at
that intersection [A-] is larger than [OH-] by
many orders of magnitude (because log[A-]
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lies many units above log[OH-]) so that we
can approximate log {[A-]+ [OH-]} by
log[A-]. Consequently, the intersection of
log [H*] and log[A-] is the sought one.

Figure 1a illustrates this in another way,
as it shows explicitly the curves representing
log [H*] and log {[A-] + [OH"]} of which we
seek the intersection. Clearly, that intersec-
tion coincides for all practical purposes with
the intersection of log [H*] and log [A~]. Note
that log(a + b) is emphatically not equal to
log(a) + log(b); instead, the latter is equal to
log(ab).

Next comes the question of reading the
diagram. If we had graph paper and were to
use great care in constructing the plot, we
might read off the pH at the intersection of
the lines for log[H*] and log[A-]. Usually,
we have neither graph paper at hand nor the
patience to construct a precise drawing. For-
tunately, neither of these is needed; instead,
a crude sketch will do. This is so because the
lines have simple slopes: that of log[H*] vs.
pH = -log[H*] has slope -1, that of log[A]
vs. pH has slope +1 in the region near their
intersection. Therefore, the triangle abS$ has
angles of 45°, 90°, and 45°, respectively, so

that the pH of point B lies exactly half-
way between the pH values of points a and
S. Consequently, we have pH= (pC+
pK,)/2 = (2.00 + 4.76)/2 = 3.38. This is, of
course, equivalent to the well-known result
[H'] =V(CK,).

Why go through all this trouble to find a
simple, well-worn result? Because the dia-
gram not only yields this particular result but
also shows us the correct answer when the
solution V (CK ) does not apply. For example,
when we consider 106 M acetic acid instead,
we still have [H*] = [A-] + [OH"] = [A-], but
the intersection of the lines for log [H*] and
log [A-] now lies near pH = pC, correspond-
ing to the equation [H*] = C or, numerically,
pH = 6.0, see Figure 2a. For 108 M acetic
acid, the diagram shows that [H*] =[A-] +
{OH-] = [OH"] instead, so that the pH is 7.0,
and is now given by pH =vK,, as shown in
Figure 2b.

Likewise, when we use 0.01 M trichloro-
acetic acid, with a pK,, of about 0.66, we still
have [H*] =[A-] + [OH] = [A], but the inter-
section of the lines for log{H*] and
log[A-] now lies near pH = pC, again corre-
sponding to the equation [H*] = C, as illus-

fog ¢

7 8 9 10 K] 12 1} H
pH

FIGURE 1a. The logarithmic concentration diagram for an aqueous solution of a weak acid HA, pK, = 4.76,
at a total analytical concentration C = 0.01 M, explicitly showing the curves for log[H*] (open triangles) and

log{{A-] + {OH-]} (open circles).
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trated in Figure 2c. In other words, at this
concentration, trichloroacetic acid is almost
completely ionized and therefore acts as a
strong acid. (It would not do so at, say,a 1 M
concentration.)

And when we use 10-2 M phenol, pK, =
9.98, we find again that [H*]= [A-] +
[OH] = [A7], so that pH = (2.00 + 9.98)/2 =
5.99, compare Figure 2d. The logarithmic
concentration diagram always shows all con-
centrations involved. Its logarithmic scale
makes it easy to identify those concentra-
tions in the proton balance that are negli-
gible with respect to others (in a particular
pH region), because each logarithmic unit
corresponds to a factor of ten. In other words,
the diagram shows us what approximations
can be made and then yields the numerical
value of the pH as well. The diagram takes
the guesswork (and much of the math) out of
traditional pH calculations.

The pH of the corresponding salts with
strong bases can also be read directly from
these graphs. In this case the proton balance,
starting from H,O and NaA (which, for the
sake of finding the proton condition, is taken
as a salt, i.e., as Na* and A-) reads

[H"]=[HA]+[OH"] (6)

that is, H,O can either gain a proton to form
H,0* (which we here denote as H*) or lose
a proton to yield OH-, A~ can gain a proton
to form HA but cannot lose a proton, and
Na* can do neither (as NaOH is traditionally
considered to be a strong base).

Figure 1 shows that, at the intersection of
log[HA] with log[OH-], log[H*] is much
smaller than log[HA], so that [H*] << [HA],
hence Equation 6 can be simplified to
[HA] = [OH-]. Therefore we find pH =
(4.76 + 12)/2 = 8.38 for aqueous 0.01 M so-
dium acetate at the intersection of log[HA]
and log[OH-], see point c, halfway between
points S and 4 on the pH scale.

We note that the diagram shows the con-
centrations of the acid HA, and its conjugate
base A-. For a base (such as ammonia) the
same diagram can be used, again with the
system point at the coordinates pH = pK,
and pc = pC, in which case the correspond-
ing species would be labeled NH,* and NH,
or, in general, HB* and B, respectively. Fig-
ure 3 shows the logarithmic concentration
diagram for 0.1 M ammonia (pK, = 9.26 =

logc

H+

B OH- HB+

FIGURE 3. The logarithmic concentration diagram for an agueous solution
of ammonium, pK, = 9.24, at a total analytical concentration C = 0.1 M.
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14 — pK,). In this case we find the pH of the
base from the proton balance (starting from
the neutral species H,O and B)

[H*1+[HB*]=[OH] )

while the pH for the salt of the weak base
with a strong acid (such as NH,CI) follows
from the proton balance (based on the neu-
tral species H,O plus the ionic components
HB* + CI of the salt)

[H']=[B]+[OH] (®)

IV. THE STICK DIAGRAM

For the examples shown so far, the tra-
ditional calculations are rather straightfor-
ward; consequently, the gain associated with
the use of diagrams is rather limited. For
more complicated equilibria, however, the
diagrams remain fairly simple, while the
corresponding mathematical expressions can
become forbiddingly complicated. As illus-
trated below, the use of graphical solutions
has its greatest advantages with the more

complicated equilibria. However, before we
venture into that territory, we first simplify
the logarithmic concentration diagrams to
make them even more suitable for such use.

Logarithmic concentration diagrams ex-
hibit asymptotes with integer slopes. Because
the curvature of the lines near the system
point is often of little consequence, we here
will reduce the diagram to one that is really
simple to sketch, by merely deleting all such
curvature. We do this by extending all as-
ymptotes all the way to their system points.
The resulting plots contain only straight—
line sections, and therefore are called stick
diagrams; they can be imagined as being
made of match sticks.

Figure 4 shows the stick diagram for
0.01 M acetic acid, with the corresponding
logarithmic concentration diagram for com-
parison in thin lines. As can be seen, a stick
diagram is clearly an approximation at pH
values close to pK,, a fact we take into ac-
count whenever necessary. Furthermore, in
using stick diagrams, we will make the fol-
lowing additional approximation: when one
and/or the other side of the proton balance
contains more than one concentration, we
only consider the largest of these on each

loge

FIGURE 4. The stick diagram for a 0.01 M aqueous solution of acetic acid,

pK, = 4.76.
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side. Again, we will make amends for this
approximation whenever needed, but most
often it will be unnecessary to do so.

In summary, then, the logarithmic con-
centration diagram is exact and yields exact
solutions to pH problems when used with ex-
act balance relations such as the proton bal-
ance. It is most useful for, say, spreadsheet
calculations, where no approximations need
be made, and where a numerical solution
can readily be found using, say, a Newton—
Raphson or Levenberg-Marquardt algorithm.
On the other hand, the stick diagram (which
can be made on the proverbial “back of the
envelope”) is approximate, and is used here
together with approximate balance equations.
Below we use stick diagrams; with a mini-
mum of effort they typically yield estimates
correct to within 0.3 pH units. For many
problems that is peffectly adequate, and it is
better than the precision of most indicator
papers. Subsequently, we show that it is usu-
ally possible to obtain more precise answers,
to +0.01 pH units, by making some simple
corrections, “simple” being defined here as
not exceeding taking logs and antilogs, or
solving more than a quadratic equation. Be-
cause the precision of few tabulated pX values
is better than +0.01, such numerical precision
is all that is usually meaningful; higher “pre-
cision” in the pH is usually illusory. Inciden-
tally, the stick diagram will indicate whether
it may be necessary to make such a refine-
ment in cases where the extra effort is deemed
to be justified.

V. THE CENTRAL TRIANGLE

Before we embark on a demonstration of
the use of these diagrams for numerical calcu-
lations, we first use a feature of the stick dia-
gram that lets us characterize the behavior of
acids (and bases) from the stick diagram.
For example, for a monoprotic acid we distin-
guish the following simple cases.

1. When the system point falls well within
the central triangle bounded by the

58

top of the diagram and the straight lines
for log[H*] and log[OH-}, then the acid
acts like a typical weak acid, and the
base like a typical weak base.

2. When the system point lies well to the
left of the central triangle, the acid is
fully dissociated, while its conjugate
base will be so weak that it need not be
considered as a proton acceptor in pH
problems.

3. Likewise, when the system point lies
well to the right of the central triangle,
the acid is so weak that its dissociation
can be ignored in pH problems, whereas
the conjugate base will be a strong one.

4. When the system point lies well below

the central triangle, the concentration of
both the acid and its conjugate base are
too small to affect the pH.

Figure 5 summarizes these four simple
cases. Note that we have used the term well
in rules (1) through (4), because borderline
cases yield borderline behavior and therefore
must be considered in somewhat greater de-
tail, as we do below. (Such borderline cases
invariably require refinement when answers
to within #0.01 pH units are needed. For a
precision of $0.01 pH units the definition of
the term well is at least two logarithmic units
away from the relevant boundary.)

VI. SIMPLE, APPROXIMATE pH
CALCULATIONS

What is the pH of the aqueous solution
of a single monoprotic acid, pK, = 5, at a
concentration of C M? Here we answer the
question approximately, for C =1 M, 10 mM,
1 uM, etc., indicated here with the mathemati-
cal shorthand notation pC =0 (2) 8 by speci-
fying the first and last pC value and, within
brackets, its increment. In Section VII we
then reconsider these answers, refine them,
and compare them with exact results.

Using the proton balance (5), and consid-
ering only the higher of the concentrations
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0 S —
.14
2+ .
log ¢ weak acid and/or weak bases
i a4
4 1 H+ OH-
s+
Py acids fully bases fully
dissociated dissociated
2?7
|71 too dilute to matter for the pH
9+
-10
0 1 2 3 4 ) 7 8 9 10 11 12 13 14
pH

FIGURE 5. The central triangle. The location of a system point (with the coordinates pH = pK, and pc =
pC) immediately indicates how an acid or base will behave in pH problems. The “top” of the central triangle
is here drawn arbitrarily at pc = 0 but is, in fact, determined by solubility.

[A-] and [OH-], we find the approximate an-
swers indicated in Figure 6 by the letters a
through e, and shown in the second column
of Table 1. We see that, for pC <7, the proton
balance (5) can be simplified to [H*] = [A-] so
that pH = (pC + pK,)/2. For pC 27, (5) re-
duces to [H*] =[OH-] and, consequently,
pH=pK,/2="17.0.

What is the pH of the aqueous solution
of a 0.01 M aqueous solution of a single mo-
noprotic acid of any given pK,? Again we
first answer the question approximately, for
various values of pK,. The proton balance is
again (5). Considering only the higher of the
concentrations [A-] and [OH-], we find the
approximate answers shown in the second

HA OH-

log ¢ a
34

/

v

d

.8 N
/AN

4
pH

FIGURE 6. Stick diagrams for a single monoprotic acid, pK, = 5, pC = 0 (2) 8.
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TABLE 1

The pH of an aqueous solution of a
monoprotic acid, pK,= 5, C= 0 (1) 10
estimated from a stick diagram such as
Figure 6 (2nd column), as refined (3rd
column) using the equation listed, and
as calculated exactly (4th column)

pH as com-

pH from the pH after puted ex-
pC stick diagram refinement actly
0 25 a 2.50
1 3.0, 3.00 (10) 3.00
2 35, b 3.51 (10) 351
3 4.0, 4.02 (10) 4.02
4 45, ¢ 4.57 (10) 4.57
5 5.0, 521 (10) 5.21
6 6.0, d 6.04 (10) 6.03
7 7.0, 6.79 (11) 6.79
8 7.0, e 6.98 (11) 6.98
9 7.0, 7.00 (11) 7.00
10 7.04 7.00

column of Table 2, while Figure 7 illustrates
some of the corresponding stick diagrams.
Similar questions asked for a base can be
answered in similar fashion, keeping in mind
that in this case the acid is HB*, the proto-
nated conjugate of the base B.

What is the pH of a 0.01 M aqueous
solution of the sodium salt of a single

monoprotic acid of given pK,? Making the
usual assumption that sodium hydroxide is a
strong base, and simplifying the proton bal-
ance (6) by considering only the larger of
(H*] and [HA], we obtain the approximate
answers listed in column 2 of Table 3, and
illustrated in Figure 7 as points g through m.
Similarly, when we vary pC while keeping
the pK, constant, we find stick diagrams and
numerical estimates like those labeled e
through £ in Figure 6, with the numerical
values listed in column 2 of Table 4.

For the salt of a weak monoprotic acid
and a weak monoprotic base, such as NH,F,
the proton balance is

[(H']+[HA]=[B]+[OH] )

and the pH can again be read off the stick
diagrams, see Figure 8 and Table 5.

Vil. REFINEMENTS

We now take a second look at the results
we have obtained so far. Specifically, we
make corrections whenever required because,

logc

-10

AN \
: L o D
6+ 0 { \
-] 5 .

\,
N,

4 \\
N HA:

SN

pti

60

FIGURE 7. Stick diagrams for a single monoprotic acid, pK, = 1(2) 13,
pC = 2. The letters a through g denote the pH of the acid, and g through
m those of their salts with a strong base.
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TABLE 2

The pH of an aqueous solution of a
monoprotic acid, pK, = 0 (1) 14, pC =2
estimated from a stick diagram such as
Figure 7 (2nd column), as refined (3rd
column) using the equation listed or an
auxiliary line (AL), and as calculated
exactly (4th column)

pH as com-
pH from the pH after puted ex-
pC stick diagram refinement actly
0 2.00 2.00 (10) 2.00
1 2.0,a 2.04 (10) 2.04
2 2.0, 2.21 (10) 2.21
3 2.5,b 2.57 (10) 2,57
4 3.0, 3.02 (10) 3.02
5 3.5, ¢C 3.50 (10) 3.51
6 4.0, 4.00 (10) 4.00
7 45, d 450
8 5.0, 5.00
9 5.5, e 5.50
10 6.0y 6.00 AL 6.00
11 6.5, f 6.48 AL 6.48
12 7.0y 6.85 AL 6.85
13 7.0, 9 6.98 AL 6.98
14 7.0 7.00 AL 7.00
TABLE 3

The pH of an aqueous solution of the sait
of a monoprotic acid and a strong base,
pK,=0 (1) 14, pC = 2, as estimat- from a
stick diagram such as Figure 7 (2nd
column), as subsequently refined (3rd
column) using the equation listed, and
as calculated exactly (4th column)

pH as com-

pH from the pH after puted ex-
pC stick diagram refinement actly
0 7.00 7.00 AL 7.00
1 7.0, g 7.02 AL 7.02
2 7.0, 7.15 AL 7.15
3 7.5, h 7.52 AL 7.52
4 8.0, 8.00 AL 8.00
5 85,1 8.50
(<] 9.0, 9.00
7 9.5, 9.50
8 10.0, 10.00
9 10.5, k 10.50 (12) 10.50
10 1.0, 10.98 (12) 10.98
11 11.5, / 11.43 (12) 11.43
12 12.0, 11.79 (12) 11.79
13 12.0, m 11.96 (12) 11.96
14 12.0, 12.00 (12) 12.00

TABLE 4

The pH of an aqueous solution of the salt
of a monoprotic acid, pK, = 5,pC = 0(1)
10 and a strong base, as estimated from
a stick diagram such as Figure 6 (2nd
column), as refined (3rd column), and as
calculated exactly (4th column)

pH as com-
pH from the pH after puted ex-
pC stick diagram refinement actly
o] 9.50 h 9.50
1 9.0, 9.00
2 8.5, g 8.50
3 8.0, 8.00 AL 8.00
4 7.5, f 7.52 AL 7.52
5 7.0, 7.15 AL 7.15
6 7.0, e 7.02 AL 7.02
7 7.0, 7.00 AL 7.00
8 7.0, 7.00
9 7.0, 7.00
10 7.0, 7.00

in using stick diagrams, we have made sev-
eral simplifying assumptions: (1) we neglect-
ed the curvature near the system points, and
(2) we only considered the largest concen-
trations on either side of a proton balance.
Because such approximations were involved,
it is wise to specify the resulting pH values
to only one decimal place or at least (as we
have done here) indicate that the value in the
second decimal place is uncertain. This is so
because our first estimates were just that and
may well be off by a few tenths of a pH unit.
Below we compute the pH to £0.01 pH units,
1.e., to a precision comparable to or better
than that of most pK|, values in the literature.

We first revisit the data in column 2 of
Table 1, which were obtained from Figure 6.
As we can see from the stick diagrams, at high
values of C the neglect of the term [OH"] in
the proton balance is clearly inconsequential.
However, the curvature of [A-] near the sys-
tem point is likely to have affected the data
for pC = 3, 4, and 5, and perhaps even those
for pC =2 and pC = 6. Here, then, we describe
how to make a simple correction for that
curvature. In order to do so we return to the
complete expression for [A-] as given in (4),
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FIGURE 8. Stick diagrams for ammonium fluoride at various total analyti-
cal concentrations C. HF: pK, = 3.13, NH,*: pK, = 9.24.

that is, [A-] = K,C/([H*] + K,). Because it is
still justified to neglect [OH-] with respect to
[A-] in the proton balance, we now write (5)
as [H*]= [A]+[OH] = [A]=K,C/
([H*] + K,), which leads to a quadratic
expression in [H*], namely, [H*]* + K,[H*] -
K,C=0. This yields the solution

TABLE 5
The pH of aqueous solutions of NH,F as
estimated from a stick diagram such as
Figure 8 (2nd column), as refined (3rd
column), and as calculated exactly (4th
column)

pH as com-

pH from the pH after puted ex-
pC stick diagram refinement actly
0 6.15 a 6.19
1 6.1 6.19
2 6.1sb 6.19 AL 6.20
3 6.1s 6.28 AL 6.30
4 6.6, c 6.63 AL 6.61
5 7.0, 6.90 AL 6.90
6 7.0, d 6.99 AL 6.99
7 7.0, 7.00
8 7.04 7.00
9 7.0, 7.00
10 7.0, 7.00

(213
N

[H']=-%K, +%\/(K3+4KGC) (10)

from which the pH can be calculated. Col-
umn 3 in Table 1 shows the numerical re-
sults of such computations. We note that the
differences between the earlier estimates and
the present calculations are relatively small,
except when the system point lies on or very
near the line for [H*]. Even then, the errors
in Table 1 are always less than 0.3 pH units.

At lower concentrations, Figure 6 sug-
gests that another approximation made earli-
er may require attention, namely, the neglect
of either [A-] or [OH-] when these concentra-
tions are of a similar order of magnitude.
The stick diagram shows that, in our exam-
ple, we may then assume that [A] = C, in
which case the proton balance simplifies to
[H*]= [A] + [OH] = C + K, /[H*]. This,
again, yields a quadratic equation in [H*], viz.
[H*J? - C [H*] - K, = 0, with the solution

[H"]=yzc+y2\/(c2 +4K,) (11)

The numerical results computed with (11)
are listed in column 3 of Table 1. Again, we



Downl oaded At: 13:33 17 January 2011

see that the differences between our earlier
estimates and the refined answers are relative-
ly small. We can almost always estimate the
pH to within 0.3 units (and will usually do
much better) simply from a sketched stick
diagram. Subsequently, we can refine the an-
swer to 10.01 pH units by solving a quadratic
equation. Moreover, the stick diagram shows
us where such refinements are needed and
what needs to be done. In the present exam-
ple, refinements are only necessary around
pC = 4 (where the system point lies on the
edge of the central triangle) and pC = 7.
Shown in Table 1 column 4 are the results
obtained on a spreadsheet, based on the exact
expressions, [H*] — [A"] — [OH]=[H*] -K,C/
([H*] + K,) - K,/[H*] 0, and finding the pH
from this cubic equation by using a Newton—
Raphson or Lavenberg-Marquardt algorithm.
(Modern spreadsheets have-such algorithms
already built in.) We see that the refinements
indeed yield pH values to within £0.01.
Now consider the data in Table 2, which
are based on Figure 7. Here the stick diagram
indicates that there are two regions where re-
finement might be needed, namely, for
pK, = 2 and pK,= 12, as in both of these

cases the system point lies on the very bound-
ary of the central triangle. For pK,~2 we use
Equation (10), but for pX, = 12 another ap-
proach is needed. In this latter case, [A-] and
[OH] in the region of interest around pH 7
are represented in the diagrams as parallel
lines, that is, as differing only by a given,
constant factor. In fact, for pK, = 12 and
pC =2, [A-] and [OH"] are of the same mag-
nitude at pH = 7. We take this into account by
sketching an aguxiliary line to represent
log{[A-]+ [OH-]}. When [A-] = [OH],
log{[A-] + [OH ]} = log{2[OH]} = log(2) +
log[OH"] = log[OH-] + 0.30 because log
2 = 0.30103. Consequently, the auxiliary line
representing log{[A-] + [OH"]} will run with
slope +1, parallel to log[OH-] but 0.30 above
it. Its intersection with the line for log[{H*],
of slope -1, will then occur at a pH that is
0.30/2 = (.15 lower than the earlier pH esti-
mate, as one will realize by simple geomet-
ric consideration of the region near that in-
tersection. Here, then, we find pH =
7.00 - 0.15 = 6.85.

For pK, =11 and pC =2, [A-] = O[OH]
in the region of the sought intersection, so
that log{[A-] + [OH"]} = log{1.1[A7]} =

a4 H+

logc

FIGURE 1b. The logarithmic concentration diagram for pK, = 12, pC =
2, together with the auxiliary line representing log{[A-] + [OH-]} (open
circles) and the entire curve for log{[A-] + [OH-]} (thin line).
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log(1.1) + log[A—] (log[A-] + 0.04, and the
resulting pH is that of the earlier, crude es-
timate minus 5 x 0.04 =—0.02 or 6.48. Like-
wise, the pH for pK, =13 and pC =215 0.02
less than the value obtained from the stick
diagram, because here [A-] = 0.1 [OH-] so
that log{[A-]+ [OH ]} = log{1.1[OH]} =
log(1.1) + log[OH"] = log[OH"] + 0.04. For
pK, = 14 and pC= 2, the corresponding
correction can be neglected because
log{[A-] + [OH7]} = log{1.01[OH"]} =
log(1.01) + log{OH-] = log[OH-] + 0.004 =
log[OH"], and the same applies to pK, = 10
and pC= 2 where log{[A-]+[OH]} =
log{1.01[A"]} = log(1.01) + log[A-]=
log{A-] + 0.004 = log{A-].

For the data in Table 3, around pK, =2
and pC= 2, we draw an auxiliary line to
represent log{[H*] + [HA]}. Around pK,= 12
and pC = 2 we simplify the proton condition
[H*] + [HA] = [OH7] to [HA]=[OH],
which we rewrite as [H*]C/([H*] + K,)) =K,/
[H*] or

H*]={k, +V (K2 +4CK.K,)} [2C)
(12)

Again, as shown in the fourth column of
Table 3, the results so obtained agree to within
+0.01 pH units with the exact results calculat-
ed by using the complete proton condition.
A similar conclusion is drawn from the data
in Table 4.

The situation in Table 5 is more compli-
cated and may require that we draw two aux-
iliary lines. For pC = 2 the line for HF runs
1.31 logarithmic units above that for [H*}], so
that {[HF] + [H*]} =(1 + 10-'3)[HF] 1.04,
[HF] or log{[HF] + [H*]} = log[HF] + 0.02,
from which we obtain a shift of pH of =
0.02/2 =+0.01.

For pC = 3 the line for [HF] runs only
0.31 logarithmic units above that for [H*],
so that log{[HF]+ [H*]} =log{(1+
1093)[HF]} =log[HF] + log(1+10031) =
log[HF] + 0.17, hence the required correc-
tion on the pH value from the stick diagram
is +0.17,/2 = +0.09.
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For pC = 4 the line for log[H*] runs
0.69 pH units above that for [HF], so that
log{[HF] + [H*]} =log{(1 + 10°¥)[H*]} =

log[H*] + log(1.204) = log[H*] + 0.08, with

a resulting shift of the pH by +0.04. For
pC =5 the correction is less than 0.005, and
is therefore negligible.

So far, we have conveniently ignored the
right-hand side of the proton condition. How-
ever, here we may also have to use an auxili-
ary line, because we have a similar situation
in that, at the pH of interest, the lines for
log[NH,] and log[OH"] are parallel and close
to each other. For pC = 3 their distance is
1.76 units, and the effect is negligible:
log(1 + 10-176) = 10g(1.017) 0.007, so that
half of that results in a pH shift of less than
0.0085, just enough to affect the round—off of
the pH. However, for pC = 4 we have
log(1+10707) = log(1.174) =0.0696, which
results in a pH shift of —0.03;, mostly neutral-
izing the earlier—calKelated shift of +0.04.

At pC =5 the system point for NH} has
also dropped out of the central triangle, and
we calculate the correction for log[OH-] as
log(1+10924) =10g(1.575) =0.197, leading
to a pH shift of —-0.10. For pC = 6 we find
likewise log(1 + 10-12*) = log(1.058) = 0.024
and a resulting pH shift of -0.01.

While the above may seem to be a lot of
work, we have only needed two auxiliary
lines in one case, pC = 4, and even that beats
having to solve a quartic expression (uniess,
of course, we have a computer nearby).

The above discussion shows that quick—
and —dirty estimates based on stick diagrams
often yield pH estimates that are quite close.
Moreover, the diagrams indicate when the
approximations made are questionable, ei-
ther because curvature near a system point is
neglected or because a concentration ignored
in the proton balance is not quite negligible.
Both cases correspond with a system point
near the edge of the central triangle and there-
fore are spotted easily. Even so, the resulting
errors are almost always less than 0.3 pH
units. Moreover, they can readily be correct-
ed, either by solving a quadratic equation or
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by taking logs and antilogs. In that case, a
precision of £0.01 pH units is usually
achieved, a perfectly sufficient level given
the typical experimental uncertainties in equi-
librium data.

Finally, we need to face the obvious ques-
tion: when would refinement be justified? There
are two answers. (1) When only approxi-
mate equilibrium constants are available and/
or only an approximate answer is required
(as, e.g., in deciding whether a titration is
feasible), refinement is usually overkill, and
need not be considered. (2) When a precise
answer is required, and the available equilib-
rium data justify the extra effort, look at the
stick diagram. In many cases the stick dia-
gram already yields a sufficiently precise
answer, that is, to within £0.01 pH units.
However, extra work may be required when
a system point involved in- the calculation
lies close to the edge of the central triangle.
In that case there are two reasons why re-
finement may then be needed: (a) the neglect
of curvature near that system point may be
consequential and (b) we may have neglected
one or more concentrations in the proton
balance that are not much smaller than the
dominant term we have used. Typically, when
the dominant term in the pH region around

the value estimated from the stick diagram is
at least a factor of ten larger than the others
on that side of the proton balance (so that its
representation in the stick diagram lies at
least one logarithmic unit above the others),
refinement yields only minor improvement
(log 1.1 = 0.04); when the dominant term
lies two orders above the others, the error
resulting from the neglect of the smaller terms
is always less than 0.01 (log 1.01 = 0.004)
and is therefore completely negligible. Con-
sequently, we can see from the stick diagram
and the proton balance whether refinement
is needed in case it might be justified.

VIii. APPLICATIONS TO

- POLYPROTIC ACIDS, BASES,

AND SALTS

A simple example is that of orthophos-
phoric acid, H;PO,. There are now three pK,
values, and therefore also three system points,
with the coordinates pH = pkK,;, pc = pC;
PH = pK,,, pc =pC;andpH = K3, pc = pC.
The corresponding stick diagram now has
lines of slopes +3, 2, 1, and 0, reflecting
the number of protons by which the species
shown differs from that of the dominant
phosphate-containing species, see Figure 9.

log e

7 8 9 10 11 12 13 4
pH

FIGURE 9. The stick diagram for orthophosphoric acid (pK,, = 2.15,
pK, = 7.20, pK,s = 12.15) and its sodium salts at a total analytical

concentration of 0.1 M.
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The slopes change every time a line crosses
a pH value equal to a pK|, In the correspond-
ing logarithmic concentration diagram there
would of course be more gentle curves in-
stead of the sharp knees of the stick diagram.

In order to find the pH of the acid and its
salts, we again consider the proton balance.
For H,PO, we have

[H*)=[H,PO; |+2[HPO}"|
safpoy]+fon]

where the multipliers reflect the numbers of
protons lost by H,PO, . For the salt NaH,PO,
we have instead
[H]+[H,PO,]=[HPO;]"]

+2[PO}]+[oH"]
while the proton balances for Na,HPO, and
Na,PO, are

(14)

[H*]+2[H,PO, ] +[H,PO;]

= [P0z ]+[or"] 4>

and

[H']+3[H,PO,]+2[H,PO; |+[HPO}]
- (o]

(16)
respectively.

Using these proton balances, and typical
pK, values as compiled by Martell and Smith’,
viz. pK,, = 2.15, pK,; = 7.20, and pK; =
12.15, we estimate the corresponding pH-
values for, say, C=0.1 M, as (1.00 + 2.15)/
2= 1.54(2.15 + 7.20)/2 =4.6,4, (7.20 + 12.15)/
2 = 9.64, and (12.15 + 13.00)/2 = 12.5,, see
Figure 9. The stick diagram suggests that all
but the second value may need refinement.

For the pH of 0.1 M H,PO, the stick dia-
gram shows that we can indeed simplify (13)
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to [H*] = [H,PO ] but that the curvature in
the line for log[H, PO, ] must be taken into
account. We therefore write

[H']=[H,PO; | =K,,C/(H']+K,) (7)

which leads to the quadratic expression [H+]?
| H*] K,,C =0 with the solution [H*] -
\f K+ 4K 1C), compare Equation (10).
Substltutxon of C =0.1 and K,; =2.15 then
yields [H*] = 0.0233 M and pH = 1.63, only
0.05 higher than our earlier, rough estimate.

For 0.1 M Na,HPO, the refinement in-
volves approximating (15) to [H,PO;] =
[PO2"1+ [OH-] by including the term for
[OH-] in the proton balance. We have
[OH-] = 10°% [PO} 1= 0.14[PO}] so
that {[PO3~]+ [OH]} 14[PO; ] and log

{[PO3"] + [OH-]} = 0.06 + log[PO}"].
Consequently, pH = 9.68 - 0.03 = 9.65.

For the pH of 0.1 M Na,PO, the stick
diagram indicates that (16) can be simplified
to [H,PO;] = [OH] but that, again, we
need to take into account curvature, in this
case of the line for log [H,PO_]. We have

[HPO2"1=[H'IC/((H"]+K,,)

~[OH"] = K, /{H"] (9
which leads to [H*]*C - K [H*] - KK, =0,
so that [H*] ={K,, + V(K2 + 4CK_,K,)}/(2C)
hence {H*] 3.21 x 1013 and pH = 12.49 for
C=0.1, K,;= 101255 K, = 10"14%_ In this
case, the refinement corrects the answer by
—0.09 pH units. Table 6 summarizes these
results.

The example of phosphoric acid is a rela-
tively simple one, because its pK, values are
quite widely spaced. To use a more chal-
lenging example, we now consider citric acid,
a triprotic acid with pK,; =3.13, pK,, =4.76,
and pK,; = 6.40. Figure 10 shows the corre-
sponding stick diagram for C=0.05 M (i.e.,
pC = 1.30), as well as the pH values for the
acid and its salts with a strong base at that
concentration. The proton balances are the
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TABLE 6

The pH of 0.1 M aqueous solutions of
H,PO, and its sodium salts, as estimated
from the stick diagram (2nd column), as
refined (3rd column), and as calculated
exactly (4th column)

pH as

pH from pH after com-

the stick  after re- puted

Species diagram finement exactly
H,PO, 1.5 1.63 1.63
NaH,PO, 4.6, 4.69
Na,HPO, 9.64 9.65 9.65
Na;PO, 12.55 12.49 12.49

equivalents of (13) through (16), and we sim-
ply read off the stick diagram to find for our
first estimates pH = (1.30 + 3.13)/2 = 2.22,
(3.13+4.76)/2 = 3.94, (4.76 + 6.40)/2 =
5.58, and (6.40 + 12.30)/2 = 9.55.

In this case, refinement is more compli-
cated, because the proximity of the various
pK, values requires that we use more com-
plete expressions. Even so, the rough esti-
mates are quite close: exact solution of the
pH on a spreadsheet (where no such approx-
imations need be made) yield pH = 2.24,

3.95, 5.58, and 9.55, respectively. Although
one can select concentrations where the rough
estimates do not yield such good agreement
with the results of exact computations, one
usually finds that the stick diagram generates
quite good estimates in cases where further
refinement would be much more complicated.

Matters become still more complicated
for salts of a weak acid and a weak base.
Here we consider the ammonium salts of
phosphoric acid. For NH,H,PO, the proton
balance is

(1414, | - [NBL+ [0 |

+2[P03-]+[0H-] (19

which is similar to (14) except for the term
[NH,]; the latter reflects the possible loss of
protons by the ammonium ions. Figure 11
shows the corresponding stick diagram, from
which we conclude that (19) can be simpli-
fied to [H,%00,] = [HPO,>"]. Consequently,
the pH is not noticeably affected in this case
by the presence of ammonium ions, and the
pH is 4.68.

a1t HCit HCit HCit"

Cit>

log ¢

pll

FIGURE 10. The stick diagram for citric acid (pK,, = 3.13, pK,, = 4.76,
pK,; = 6.40) and its sodium salts, at a total analytical concentration of

0.05 M.
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FIGURE 11. The stick diagram for aqueous 0.1 MNH,H,PO,. Orthophos-
phoric acid: pK,, = 2.15, pK,, = 7.20, pK,; = 12.15; ammonium: pK, =

9.24.

For (NH,),HPO, the proton balance is

[H*1+2[H,PO,|+[H,PO,]| = [NH,]
+[PO;]+[OH"]

which differs from (15) by the term [NH,].
Note that {[NH,]+ [NH;]} = 2C because
(NH,),HPO, contributes two ammonium

(20

ions per molecule. The corresponding stick
diagram, Figure 12, shows that (19) can now
be simplified to [H,PO;] = [NH;], and it
also provides an estimate of the pH as (7.20 +
9.24 — 0.30)/2 = 8.07 where the pK, of NH,
is 9.24. The factor 0.30 comes about because
the system point for NH,* lies 0.30 above
that for H,POjas a consequence of the 2:1

0 - -
1 AN AN pd
a (4
3 H,PO,
logc
3 7iPO] NH,
NH;

4 PO>

St HPO,

ol OH

HPO

<7 4

_8 -

94
-10

Q t 2 3 4 b 7 8 9 10 1t 12 13

FIGURE 12. The stick diagram for aqueous 0.1 M (NH,),HPQ,.
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stoichiometric ammonia—phosphate ratio, so
that the pH value of point b in Figure 12 is
midway between those of points a and c,
where the latter lies 0.30 to the left of (and
below) the system point of NHj.

Finally, the proton balance for (NH,),PO,
is

[H*]+3[H,PO, ]| +2[H,PO; ]+[HPO}]
= [NH, ]+[OH"]
21)

which again is similar to (16) except that it
contains the additional term [NH,]. The stick
diagram is shown in Figure 13; note that the
system point for NH; now lies log 3 = 0.48
above those for the phosphates. For the salt
concentration shown, the preton balance can

now be reduced to [HPOi'] = [NH,] so that
pH = 9.24 — 0.48 = 8.76.

IX. APPLICATIONS TO MIXTURES

In order to estimate the pH of a mixture
containing, say, C; M HCl and C, M HA (a
monoprotic weak acid), the first step is again
the formulation of the proton balance. For

mixtures the result is often difficult to write
down by inspection, in which case it is best
to go back to the charge and mass balance
relations in order to derive the proton bal-
ance. For the present example we have the
charge balance

[H*]=[CI"]+[A"]+[OH"] (22)

and the mass balances
[crr]1=C (23)
[HA]+[A]=C, (24)

Substitution of (23) into (22) does not alter
the latter substantially, but substitution of
(24) leads to another form (indicating that
the proton balance is not always unique)

[H*1+[HA]=C,+C, +[OH"] 25

Equations (22) and (25) are mathematically
equivalent, but they are not necessarily equiv-
alent for use in a stick diagram, as illustrated
in Figure 14 for C, = 102 M, C, = 10~ M,
and K, = 10~ M. In this case, pH = 3.0, in the
range where [HA] = C, , so that the proton
balance (25) does not yield an unambiguous
answer, while (22) does.

0 v + +

R EAN Z.

2 HPO,

log ¢

3 PQ' H‘

<+ Hy

1 Hpo“‘

OH"

£ H‘ A

21 HPO,

34

94
-10

0 i 2 3 4 5 7 8 9 1011 12 13 14

FIGURE 13. The stick diagram for aqueous 0.01 M (NH,);PO,.
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loge

FIGURE 14. The stick diagram for an aqueous mixture containing 0.01

M HCt and 0.1 mM HA, pKa = 4.

Buffer mixtures, that is, mixtures of an
acid and its conjugate base, are probably the
most important category of mixtures for which
the pH must be calculated. When the corre-
sponding system point lies well within the
central triangle, we can use the Henderson
approximation

[H+] = KaCa/Cb

or (26)
pH = pK, +1og(C,/C,)

where C, and C, are the initial concentra-
tions of the acidic and basic forms of the
buffer mixture. However, when the system
point lies outside the central triangle, the
Henderson approximation cannot be used.
The stick diagram does not suffer from such
a restriction, but instead shows us in each
case what are the appropriate approxima-
tion. Here we illustrate this for a buffer mix-
ture listed by Bates:? the aqueous mixture of
50 ml1 0.05 M Na,HPO, + xml 0.1 M NaOH,
diluted to 100 ml; the corresponding stick
diagram is shown in Figure 15 for x = 10.
In this case we have the mass and charge
balance equations (deleting all minor com-
ponents, as identified by the stick diagram)
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[Na*]=(0.050+0.001x)M 27)
[HPO; |+[PO;"|=0.0025M (28
[Na*]= 2[HPO}|+3[PO}|+[OH"] (29)
so that

0.001x =[PO;"|+[OH]  (30)

which can be solved directly because

0025k, K,
[H+K, @) @Y

x= 1000(

from which we can calculate a table of val-
ues of x as a function of [H*], and hence of
pH.

X. APPLICATIONS TO TITRATIONS

Stick diagrams are very convenient tools
to estimate whether a titration is feasible.
Here we merely illustrate this with the ex-
amples of Figures 9 and 10. The measure we
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FIGURE 15. The stick diagram for an aqueous mixture made by mixing
50 mi 0.05 M Na,HPO, and 10 ml NaOH, and adding H,O to make a total

volume of 100 ml.

use is the distance between the intersection
in the stick diagram associated with the rel-
evant equivalence point, and the horizontal
line at pc = pC. When this distance is at
least two logarithmic units, the titration is
sufficiently steep at its equivalence point, so
that a color indicator can be used. When the
distance is more than about one logarithmic
unit, a potentiometric titration can be per-
formed, albeit with limited precision, but a
colorimetric titration is inadvisable. When
the distance is less than about one logarith-
mic unit, the titration has little analytical
usefulness. Note that these criteria are based
solely on the sample and do not take into
account the nature and concentration of the
titrant. They are therefore valid as guide-
lines as long as the titrant is not much less
concentrated than the sample.

The stick diagram of phosphoric acid,
Figure 9, shows that the vertical distances
between points b, ¢, and d and the line at log
Care about 2}, 2%, and 4 logarithmic units.
Indeed, the first two equivalence points are
analytically useful, while the third is not.
The stick diagram for citric acid shows a
case where only the third equivalence point

is useful. Both conclusions are in full agree-
ment with the corresponding titration curves.

XI. ACTIVITY EFFECTS

An often-raised question is the role of
activity coefficients in pH calculations. In
order to address this we consider two sepa-
rate problems: (1) what do these diagrams
represent and (2) what does the pH measure.

(a) The diagrams reflect concentrations,
not activities. There is a simple reason for
this: the charge and mass balance equations
and the resulting proton balance are all ac-
counting rules dealing directly with concen-
trations. On the other hand, the pK, values
reflect activities. Insofar as activity coeffi-
cients can be estimated, corrected pK, val-
ues should therefore be used in these dia-
grams when precise results are needed.
Unfortunately, ionic activity coefficients de-
pend strongly on the ionic strength 7, which
often varies across the diagram. Conse-
quently, the simplest solution for the com-
putation of individual pH values is to
proceed as follows: first determine the pH
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neglecting activity effects (i.e., as if all ac-
tivity coefficients were equal to 1), then use
the diagram to estimate the ionic strength 7,
use this to correct the relevant pK, values,
and, finally, use these corrected pK, values
to refine the pH. In principle, this process
should be repeated iteratively until the pH
values so obtained become constant; in prac-
tice, a single cycle through this procedure
usually suffices.

(b) The second aspect is the pH mea-
surement itself. When the pH is measured
potentiometrically (but not when it is mea-
sured photometrically, e.g., using color indi-
cators or NMR shifts) such measurements
yield values that are believed to be a close
approximation to the negative logarithm of
the activity (the product of concentration ¢
and activity coefficient f). In that case, a
second activity correction is required. Note
that this second correction is specific for po-
tentiometric pH measurements, that is, when
using a pH meter.

The entire procedure is illustrated below
for the potentiometric determination of the
pH of phosphoric acid and its sodium salts.
We use the Davies® equation as our model
for activity corrections and write it in the
form

log f, =z} log f (32)
with
1] VI

where the ionic strength 7 is defined in terms
of ionic valencies z; and concentrations c; as

|
I= 52230.- (34)

In Section VIII we computed the pH of
0.1 M H,PO, as 1.63 and the corresponding
value of [H*] as 0.0233 M. At that point we
have [H*] = [H,PO,]. The stick diagram,
Figure 9, shows that H* and H,PO; are the
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dominant ionic species at that pH, and there-
fore we find the ionic strength as 7 = 14 x
(0.0233 +0.0233) = 0.0233 M. For this ionic
strength we calculate f from (33) as

log f=-0.5{~1T/(1++T)- 031} =-0.0627

or

10—0.5{47/(1+J7)—0.31} — 0.866

f =

The effect on K, is most readily seen
when we denote the “true” (i.e., activity—
corrected) K, value by K and realize that
most tables of equilibrium constants list pK,
values obtained by extrapolation of experi-
mental data to infinite dilution, thereby ap-
proximating pK’. We therefore calculate the
concentration-based K, as

o [H']f,[H,A"]f.
al [H3A]f6

=K, f* (35)

or
pK,, = pK’, +2log f =2.15-0.12, = 2.02,

Note that the Davies equation, through
its factor z?2, only considers the effects of
charged species, that is, f, = f = f and
fo=0.

For part (b) we assume that the pH is
measured potentiometrically and then is giv-
en by —log {[H*] f,. This is, of course, an ap-
proximation: if it were exact, one would be
able to use pH measurements to determine
single ion potentials, a thermodynamic im-
possibility. Nonetheless, the measured pH is
believed to approximate -log {[H*] f, rather
closely, and we will make this assumption
here. Consequently, we have pH, = pH, -
log f = pH, + 0.06,, where pH_ denotes the
measured pH, and pH, the earlier—calculated,
concentration-based value computed with
the aid of activity—corrected equilibrium con-
stants. This term —log fcounteracts the activi-
ty correction under (a) so that, in total, inclu-
sion of an activity correction in this case
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does not lead to an appreciable pH shift: the
final result is a pH of 1.57, + 0.06, = 1.64.
The insignificance of an activity correction
in this case is largely the result of the low
ionic strength I of the solution.

For 0.1 M NaH,PO,, we found earlier a
pH of 4.67, by simply taking the average of
pK,, and pK,,. We again start by estimating
the ionic strength /. A quick glance at the
stick diagram will convince us that, at that
pH, the dominant anion is {H,PO} ], while
the dominant cation is clearly Na*, both at a
concentration of 0.1 M. The ionic strength
is, therefore, also 0.1 M, so that log f =
—0.105. We saw that the activity correction
shifts pK,, by +2 log f ; the corresponding

correction for pK, is +4 log f, as can be seen .

from

., [HIL[HAY]S
a2 = - ] -
[H,A7] £

or

K.f* (36

pK,, =pK’, +4log f =7.20-0.42 =6.78

where log f,. = (-2)?log f = 4 log ffollows
from (32). The value of pH, calculated from
the stick diagram is therefore (pK,, + pK,;)/2
= (pK!,+pK,,+ 6 logf)2 = (2.15+7.20 -
0.63)/2 = 4.36. (Because the ionic strength
is different, we cannot use the earlier-com-
puted value for pK,, but must combine the
formula pK,;, = pK.,+ 2 log fwith the new
value for log f.) Finally, pH,, = pH,-logf
= 4.36 + 0.10; = 4.46. In this case, there is
a difference of 0.25 with the value of 4.69
listed in Table 6.

For 0.1 M Na,HPO, the stick diagram
yielded a first estimate of (7.20 + 12.15)/2
= 9.67,, while subsequent refinement added
a correction of -0.03 to a pH of 9.65. At that
pH, the dominant species are Na* (at 0.2 M)
and HPO? (at 0.1 M), so that the ionic strength
is 4 x(12x0.2+22x0.1) = 0.3 M. Con-
sequently, (33) yields log f = —0.13,, hence

o [H*If, [A*]f,
a3 — [HA2—]f2_

= =K,,f° (37)

or

pK,; = pK,; +6log f
=12.15-0.79 =11.35,

so that the initial result from the stick dia-
gram$N>ould be modified to (pK,, + pK,;)/
2=(pK,, + pK,; +10log )2 = (7.20 +
12.15-1.32)/2 = 9.01,.

Refinement now must take into account
that K, is also affected by the activity cor-
rection, i.e.,

K! =[H']f,[OH"1f. =K, f* (38)

or
pPK, =pK, +2log f
=14.00-0.26, =13.73,

so that the line for [OH-] now lies 1.37 log-
arithmic units below that for PO}, Refine-
ment then yields a pH of 9.01,.

Finally, we have pH, = pH.-logf =
9.01,+0.13, = 9.14 for a total activity—
related pH shift of 9.14 — 9.65 = —-0.51. Note
that, in this case, the activity correction is
considerably greater than any errors involved
in disregarding refinements in the stick dia-
grams.

The pH of 0.1 M Na,PO, was earlier es-
timated from the stick diagram as 12.58 and,
after refinement, as 12.49. At this pH the domi-
nant ionic species are Na* (at 0.3 M) and PO}”
(at 0.1 M) so that the ionic strength is approxi-
mately % x (12x 0.3 +32x0.1) = 0.6 M, from
which we calculate log f = —0.12;. The conse-
quent activity corrections of the equilibrium
constants are pK; = pK.;+6logf = 12.15-
0.76; = 11.38,and pK,, = pK’ +2logf=
14.00 — 0.25¢; =13.74,, so that a stick diagram
yields pH = (11.38, + 12.74,)/2 = 12.06,. Af-
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TABLE 7

The pH of 0.1 M aqueous solutions of
H,PO, and its sodium salts, as estimated
from the stick diagram (2nd column), as
refined (3rd column), and after activity
correction based on the Davies equation
(4th column)

pH from pH after pH after

the stick  after re- activity
Species diagram finement correction
H;PO, 1.58 1.63 1.64
NaH,PO, 4.68 4.69 4.69
Na,HPO, 9.68 9.65 9.14
Na,PO, 12.58 12.49 12.15

ter refinement for the curvature of the line for
log[ HPO?" ], see Equation (12), we obtain
pH, = 12.01;. The pH measurement contrib-
utes an additional shift of pH_ - pH, = - log
f=+0.13, to bring the pH to 12.15. Table 7
lists these results and facilitates their compari-
son with those without activity corrections.

Xil. SUMMARY

Stick diagrams are easily sketched plots
consisting of straight line segments with inte-
ger slopes. They closely resemble logarith-
mic concentration diagrams, except that the
curvature near the system points is neglected.
In using them we typically make a further
simplifying approximation: we only consider
the leading terms on each side of the proton
balance. The result is a very quick and easy
method for estimating the pH, a method that
almost always yields results that are precise
to within 0.3 pH units, and typically much
closer, as long as we disregard activity cor-
rections. A significant advantage of the stick
diagram is that it remains simple even when
many different species are involved.

Double-logarithmic graphs such as the
logarithmic concentration diagram and the
stick diagram provide a continuous over-
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view of the speciation, something that is
easily lost when a chemical problem is con-
verted into one of solving simultaneous math-
ematical equations. Use of stick diagrams
takes the emphasis away from mathematical
manipulations and instead focuses on the
chemistry involved, while the math is re-
duced to formulating the proper balance equa-
tion, such as the proton balance in pH prob-
lems. In sketching these graphs, the students
learn to recognize the relative magnitudes of
the various system components. Stick dia-
grams are also very convenient tools for use
with titrations, because they show at a glance
which equivalence points can yield sharp pH
changes and which cannot.

A stick diagram is a piecemeal approxi-
mation of a logarithmic concentration dia-
gram, just as the traditional treatment of ti-
tration curves is a piecemeal approximation
of the corresponding master equation. Inter-
estingly, the two approximations use differ-
ent pH values to cut the continuous curves
into separate pieces: the stick diagram gener-
ates abrupt bends (though no discontinuities)
at pH = pK,, whereas the traditional treat-
ment of titration curves introduces disconti-
nuities at the pH of each equivalence point.

When more precise numerical values are
required, the stick diagram (1) shows whether
refinement is needed and (2) which terms to
consider in that case. We have given a num-
ber of examples of such refinements. Usual-
ly, refinements can be made using a pocket
calculator in order to find a few logs and
antilogs or to solve a quadratic equation.
Sometimes refinements are more complicated
than that, as when several pK, values lie
close together. In that case the pK, values
may not be known to sufficient precision to
justify refinement anyway; otherwise, a
spreadsheet may be needed.

The approximate nature of stick diagrams
illustrates the limited precision with which
concentrations can be computed from equi-
librium constants. Because few pK, values
are known to better than +£0.01, concentra-
tions are usually known only to a factor of
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102001 or +2 3% at best, and calculations of
concentrations to a much higher precision
are usually exercises in make-believe. This
does not even take into account the inherent
uncertainties of activity corrections.

Finally, in Section XI, we have consid-
ered activity effects, the skunk at any pH
party. We have illustrated activity corrections
with an example involving polyvalent ions
(such as POi') in a range of ionic strengths
near where the activity coefficient f in the
Davies equation goes through a minimum.
The calculations show explicitly how such
activity corrections should be made. Activity
calculations require that one make a clear dis-
tinction between the parameters that are true
concentrations (those that appear in charge,
mass, and proton balance equations, as well
as spectrometrically determined concentra-
tions) and those that need activity corrections
(equilibrium constants, and potentiometric pH
measurements), because proper activity cor-
rections are not made by simply multiplying
all concentrations by activity coefficients.

If there is any take-home lesson from the
section on activity effects, it is that activity
corrections can easily be larger than any dif-
ferences between crude pH estimates based
on stick diagrams and their subsequent re-
finements (see Table 7). To put it different-
ly, if one does not want to go through the
tedium of computing activity corrections
(which are laborious and therefore are often
neglected) then there is no good reason to
reject the first estimates of stick diagrams as
too crude. Moreover, activity corrections are
inherently approximate themselves. This is
not because we have here used approximate
relations such as the Davies equation (a de-
ficiency that then might be remedied by us-
ing another, “better” formula) but precisely
because it is not known how to calculate
activity coefficients exactly, that is, there is
no precise formula for ionic strengths above
about 0.01 M.

Here we have used the Davies relation
merely to demonstrate the protocol to be
followed. Moreover, it appears to be the best

available approximation that is still relatively
simple to apply, because it does not involve
any ion-specific parameters. If one wants to
go beyond this level, the reader might want
to consult the elaborate work of Pitzer et al.!?
on this subject. Some of the most popular
textbooks of quantitative chemical analysis
still advocate use of the Debye-Hiickel equa-
tion with specific ionic radii, such as those
estimated by Kielland,"! even though this
procedure, while much more complicated
than use of the Davies equation, does not
appear to be more realistic for practical so-
lutions with concentrations in the range of
0.01 M to 1 M. At any rate, the protocol is
similar regardless of the specific model used
for activity corrections, and the availability
of choice merely illustrates that we really do
not have good predictors for single ion activ-
ity coefficients. Unfortunately, single ion
activity coefficients (rather than the experi-
mentally accessible mean activity coeffi-
cients) are the ones needed to relate poten-
tiometric pH measurements to proton
concentrations. Single-ion activity coeffi-
cients are the Achilles heel of pH calcula-
tions.

Stick diagrams and logarithmic concen-
tration diagrams are not restricted to acid—
base problems and can be used to similar
advantage for complex formation, precipita-
tion, and redox equilibria. In such cases the
independent variable is the negative loga-
rithm of the relevant concentration (that of
the complexing or precipitating agent); in
the case of redox equilibria, the independent
variable is the potential in units of (RT/F)
In(10), about 0.059 V at room temperature.
Likewise, the proton balance must be re-
placed by its appropriate analog. For redox
reactions, that analog is the electron balance.
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